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Summary

Problem

Sign evaluation in CKKS [1] requires intermediate bootstrapping, which introduces considerable

noise, harming convergence and degrading accuracy.

Key Insight

Since sign(x) ∈ {−1, 1}, we can treat CKKS messages as discrete and exploit this discrete nature

(discrete-CKKS [2, 3, 4, 5]).

Sign Bootstrapping

We replace EvalMod with EvalSign, which simultaneously eliminates lifting noise and achieves

quadratic noise reduction.

Results

The proposed method achieves 40-bit precision (vs. 20-bit in prior work), requires less depth,

and is numerically more stable.

Sign Bootstrapping: Key Idea

We replace EvalMod with EvalSign(x) = sin(2πx) in bootstrapping:

The periodicity of sin(2πx) naturally eliminates lifting noise (multiples of q).
sin(2πx) reduces the noise introduced in sign messages quadratically.
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Theorem (Noise Reduction in Sign Bootstrapping)

Let z ∈ {−1, 1}, τ be a real number, and let EvalSign(x) = sin(2πx). Then, the following inequality holds:∣∣∣EvalSign(z + τ
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)
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where I ∈ Z.

Proposed: Hybrid Approach for High Precision Comparison

Goal: Achieve high-precision sign evaluation by combining fast convergence and numerical stability.

Minimax composition [6]: Rapid initial convergence over [0.001, 1], but suffers from numerical

instability at high degrees.

Cleaning functions [7]: Numerically stable via low-degree polynomials, but converge slowly in

small magnitude messages, i.e., 0.001.

Sign Bootstrapping: Sign bootstrapping provides a level of composition (or cleaning) while

bootstrapping for free, which enables fast convergence.

Hybrid: Employ minimax composition in the early stages for fast coarse approximation (∼10-bit
at depth 15), then switch to cleaning functions for numerically stable convergence (∼40-bit at
depth 33).

p1(x) p2 ◦ p1(x) p3 ◦ p2 ◦ p1(x)

(a) Standard Minimax Composition

p1(x) p′′2 ◦ p1(x) p′′3 ◦ p′′2 ◦ p1(x)

(b) With Sign Bootstrapping

Implementation Results

Environment: Intel Core i9-14900K, 64GB RAM, NVIDIA RTX 4090 GPU, and the desiloFHE

library.

Table 1. Parameter set achieving 128-bit security.

log2N log2QP log2 q0 MULT StC EvalSign CtS log2P
16 1650 60 54× 10 54× 3 54× 9 54× 3 60× 4

Table 2. Precision and runtime comparison of bootstrapping procedures.

Applied Precision Measured

Bootstrap D0 D0.1 D0.2 D0.3 Runtime

Classical
EvalRound 20.7 bits 4.3 bits 3.3 bits 2.7 bits 1.16 s

StC-First 9.3 bits 4.3 bits 3.3 bits 2.7 bits 1.04 s

Proposed
SignBootp 31.6 bits 7.9 bits 5.9 bits 4.8 bits 1.06 s

SignBootr 25.3 bits 7.9 bits 5.9 bits 4.8 bits 0.89 s

Table 3. Depth–precision trade-off comparison. (∗) denotes sign bootstrapping applied.

Applied Precision Consumed

Methods [0.001, 0.25] [0.25, 0.5] [0.5, 0.75] [0.75, 1] Depth

Minimax 1.1 bits 1.1 bits 1.1 bits 1.1 bits 10

Minimax∗ 1.7 bits 1.7 bits 1.7 bits 1.7 bits 10

Clean 2.5 bits 20.8 bits 13.8 bits 15.1 bits 10

Clean∗ 3.2 bits 31.0 bits 26.4 bits 28.1 bits 10

Hybrid 1.1 bits 1.1 bits 1.1 bits 1.1 bits 10

Minimax 10.2 bits 20.8 bits 20.8 bits 20.8 bits 20

Minimax∗ 10.7 bits 31.0 bits 31.1 bits 31.1 bits 20

Clean 5.4 bits 39.4 bits 40.5 bits 40.4 bits 20

Clean∗ 6.7 bits 40.4 bits 40.6 bits 40.5 bits 20

Hybrid 12.1 bits 40.5 bits 40.5 bits 40.5 bits 21

Minimax 9.1 bits 20.7 bits 20.8 bits 20.8 bits 30

Clean 8.3 bits 40.8 bits 40.4 bits 40.5 bits 30

Clean∗ 10.3 bits 41.0 bits 40.5 bits 40.5 bits 30

Hybrid 30.1 bits 40.5 bits 40.5 bits 40.5 bits 31

Hybrid 40.5 bits 40.5 bits 40.5 bits 40.5 bits 33

Applications

ResNet20 (Table 4): Sign bootstrapping reduces inference runtime by 17.6%.

Sorting (Table 5): Bitonic sort with sign bootstrapping achieves higher precision and fewer

bootstrapping operations, reducing runtime by ∼25%.
Top-k (Table 6): SignBootp achieves up to 28.4-bit precision (vs. 14.8-bit with EvalRound), while

SignBootr achieves the fastest runtime.

Table 4. ResNet20 inference runtime with and without sign bootstrapping.

EvalRound SignBootp Reduction

5h 52m 15s 4h 50m 6s 17.6%

Table 5. Precision and runtime comparison of sorting.

Number of EvalRound Ours (SignBootp) Precision Runtime

Elements Precision Runtime Precision Runtime Gain Reduction

210 21.3 bits 293.1 s 28.5 bits 223.7 s 25.3% 23.7%
211 23.2 bits 352.7 s 25.7 bits 265.0 s 9.7% 24.9%
212 23.6 bits 417.5 s 26.7 bits 309.6 s 13.1% 25.8%
213 25.1 bits 482.0 s 27.3 bits 357.7 s 8.1% 25.8%
214 23.0 bits 555.6 s 26.8 bits 409.6 s 14.2% 26.3%
215 25.0 bits 636.3 s 29.2 bits 464.7 s 14.4% 27.0%

Table 6. Runtime and precision comparison of the top-k algorithm.

Applied 4-to-2 8-to-2

Bootstrap Precision Runtime Amortized Precision Runtime Amortized

Classical
EvalRound 14.8 bits 41.7 s 1.273 ms 12.1 bits 137.2 s 4.187 ms

StC-First 9.8 bits 32.5 s 0.991 ms 8.6 bits 106.2 s 3.24 ms

Proposed
SignBootp 28.4 bits 32.9 s 1.003 ms 25.6 bits 108.4 s 3.309 ms

SignBootr 22.7 bits 21.6 s 0.661 ms 25.2 bits 69.9 s 2.132 ms
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